Knowledge of the FC factors and related quantities is essential to understand and to estimate many important aspects of the astrophysical molecules, such as kinetics of the energy transfer, radiative life times, band intensity and vibrational temperatures. In this view, we propose a new analytical formula of the Franck-Condon (FC) integral for two-dimensional harmonic oscillators taking into account the Duschinsky effect. This method is based on the use of binomial expansion theorem and the Hermite polynomials. With the formula obtained, the FCF of any transition can be computed independently. In this study, the method for FCF calculations was applied to ܱܰ ଶ molecule.
Introduction
Squares of the Franck-Condon (FC) overlap integrals are the so-called FC factor, which is a fundamental method in molecular physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The FC principle determines not only the transition probabilities between different vibrational levels of the two electronic states, but also the spectral line intensities and the transition rates of diatomic and polyatomic molecules [17] [18] [19] [20] [21] . For diagnostic applications in astronomy, astrophysics and allied subjects, the transition probability, which is proportional with the FC factor, parameters are required [22] .
Accurate evaluation of the multidimensional FC factor including Duschinsky effects is therefore of primary importance. The Duschinsky effect arises in the coordinate transformations between the normal vibrational motions of the ground and first excited state [23] . The FC factor including Duschinsky effects has been studied for a long time, both theoretically and experimentally, for the solution of many problems [10, 11, 24] , and in this [3, 12, 14, [24] [25] [26] [27] . The studies generally have been made on the basis of the harmonic oscillator wave function [16] , and there also are the FCF calculations including anhorminicity by simulation [8, 9, 28, 29] . The obtained analytical expressions are tested to investigate the photoelectron spectra of various molecules.
Analytical expressions of the multidimensional FC integrals (FCI) for the polyatomic molecules can be formed by obtaining the multivariable functions. These functions include the frequency variations and the coordinate transformations between the excited states and the ground state [1] .
The aim of this study is to derive a simple and easily computable analytical formula for FCI on the basis of the two-dimensional harmonic oscillator wave function.
The Two-dimensional Franck-Condon Factors
The normalized vibrational overlap integral over n-dimensional harmonic oscillators wave functions centered at different equilibrium positions is given by [13, 24] ( ) ( ) 
where ( ) ( )
 is the binomial coefficients and
The aim of this study is to obtain the analytical formulae for the two-dimensional FCI over harmonic oscillator wave functions. In this manner, in the special case, the two-dimensional FCI of harmonic oscillators (Eq. (1)) can be written as [26] ( ) ( ) ( ) ( ) ( ) 
Here Lee et al. [26] proposed an efficient method for the calculation of the two-dimensional FCI using the Duschinsky effect.
Here, the coefficients of Hermite polynomials are as follows:
Substituting Eq. (3) into Eq. (7), we can obtain the formulae ( ) , n m a a n m n m n m a a a n m n m
Where ( ) ( ) ( ) ( )
and ( n m n m a a a n m a a n k 
We obtain ( ) , n m a a n m a a a
where 
where is ( ) ( )
Taking into account Eq. (28) into Eq. (20), we can obtain the formulae ( ) 
The squares of the Franck-Condon (FC) integrals are the so-called FC factor, which is given
Depending on the temperature and the FCF, the spectral intensity (I ), is [26] :
Where c is a proportion constant, E ν is the energy of the initial state, B k is the Boltzmann constant, and T is the temperature [26] . As can be seen from Eqs. (14), (18) 
The coefficients ( ) m F n are repeatedly needed in computations. In order to put these coefficients into or to get them back from the memory, the position of certain coefficients ( ) m F n is determined by the relation:
The suggested approach provides a considerable reduction of computational time of the twodimensional FCF [16, 31, 32] . [31, 32, 34] . Therefore, the proposed formula helps us to calculate quickly the FC factor for the arbitrary values of 1 1 2 2 , , , n m n m .
The obtained results are shown in Table 1 and Figs.1-4 . Figures 1-4 show intensity alternations between even and odd vibrational quantum numbers ( )
, , , n m n m . The vibrational quantum numbers used in the calculations were completely arbitrarily chosen. Table 1 shows the FCF values for different quantum numbers. Tables 2 and 3 seem to be quite small. However, it is seen that the (0, 0), (0, 2), (2, 0), (1, 0), (1, 1), (2, 2) transitions in Table 1 are larger than the others. It also can be said that it is weak for the spectra of the ݊ ଶ ≥ 3, ݉ ଶ ≥ 3 states. In the same way, it is shown that the (0, 0), (0, 1), (0, 2), (0, 4), (1, 1), (2, 0), (2, 2), (0, 4) transitions in Table 2 appear to be larger than the others. In the same way, the spectra of the ݊ ଵ ≥ 3, ݉ ଵ ≥ 3 states is weak. 
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